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Abstract

We present a physics-informed neural ordinary dif-
ferential equation (neural ODE) for non-parametric
reconstruction of the dark energy equation of state
w(z). The method parameterizes w(z) as a neu-
ral network and integrates the Friedmann equation
forward through the ODE solver, producing dis-
tances directly from w(z) without the numerical dif-
ferentiation that destabilizes Gaussian process ap-
proaches at high redshift. We validate the method
through a battery of tests: injection-recovery on
five w(z) morphologies with 20 noise realizations
each, a Feldman–Cousins calibration of the profile
likelihood under ΛCDM, a single-bin outlier injec-
tion test, a drop-bin refit, a curvature-floating test
with self-consistent curved-CMB predictions, per-
bin BAO decomposition, and a pipeline-correction
audit showing how the reported significance shifts
as the analysis pipeline is refined. Applied to DESI
DR2 baryon acoustic oscillations, three Type Ia su-
pernova compilations (Pantheon+, Union3, DES-
SN5YR), Planck 2018 CMB distance priors (R and
ℓA, via ΛCDM-anchored stitching), and 36 cos-
mic chronometer H(z) measurements with the full
Moresco et al. (2020) systematic covariance, the re-
construction shows a mild phantom-leaning depar-
ture from ΛCDM at z ≈ 1: w(1.0) = −1.18 (∼ 1.3σ
from mock-calibrated scatter). All three SN compi-
lations independently prefer w(1) < −1.07, though
the cross-dataset spread (0.068) is comparable to
σmock = 0.130 and reflects a systematic floor, not
tight agreement. The Feldman–Cousins-calibrated
profile likelihood gives a pinned-target p = 0.10–0.20
and a look-elsewhere-corrected pLEE = 0.15–0.40 (∼
0.3–1.0σ LEE-corrected), demonstrating that Wilks’
theorem overstates the significance by a factor of
∼ 2–3 in this regularized non-convex regime. A

drop-LRG2 refit returns w(1) = −1.076 (∼ 0.6σ
from ΛCDM), showing that the phantom depth de-
composes into ∼ 0.10 from the LRG2 DH/rd mea-
surement at z = 0.706 (individually detectable above
σmock) and ∼ 0.08 from the rest of the data (at
the noise floor, individually undetectable). We re-
port this as a method demonstration with a marginal
hint in current data. The qualitative methodologi-
cal findings — the FC-calibrated p-value as the hon-
est frequentist significance for neural-network profile
likelihoods, the ∼ 9× underestimation of scatter by
deep ensembles, and the pipeline-correction audit —
are independent of the significance number and we
believe will prove useful for future neural-network-
based cosmological inference.

1 Introduction

The Dark Energy Spectroscopic Instrument (DESI)
collaboration recently reported that baryon acous-
tic oscillation (BAO) measurements from three years
of observations, combined with Type Ia supernovae
(SNe Ia) and cosmic microwave background (CMB)
data, prefer a time-evolving dark energy equation of
state over the cosmological constant Λ at 2.8–4.2σ,
depending on the supernova dataset used [1]. This
detection employs the Chevallier–Polarski–Linder
parameterization w(z) = w0 + wa z/(1 + z) [2, 3],
which has two free parameters and can only pro-
duce monotonic evolution. If the true w(z) contains
features (bumps, oscillations, phantom crossings, or
plateaus), the w0wa parameterization averages over
them and reports a best-fit slope that may misrep-
resent the underlying dynamics.
Non-parametric reconstruction of w(z) addresses

this limitation. Approximately fifteen analyses have
applied model-independent methods to DESI data,
predominantly using Gaussian process (GP) regres-
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sion [4–6], spline methods [7, 8], binned parameter-
izations [9, 10], and Bayesian shape functions [11].
The official DESI extended analysis by Lodha et
al. [4] employed GP regression on H(z) and local-
ized a phantom crossing near z ≈ 0.3.
All existing GP-based reconstructions share a

structural limitation: they reconstruct an observ-
able quantity, typically H(z) or the luminosity dis-
tance dL(z), and then derive w(z) through numerical
differentiation. This amplifies noise, particularly at
high redshift where data become sparse. The result-
ing w(z) uncertainty bands widen rapidly beyond
z ≳ 1.2, and the reconstruction becomes unreliable.

In this work, we introduce a complementary ap-
proach that avoids this limitation entirely. We pa-
rameterize w(z) as a neural network and integrate
the Friedmann equation forward through a neural or-
dinary differential equation (neural ODE) [12], pro-
ducing distances directly from w(z) without differ-
entiation. The Friedmann equation is not imposed
as a loss term; it is the forward pass of the computa-
tional graph. Gradients from the data flow through
the ODE solver back to the w(z) network weights
via the adjoint method, enabling end-to-end differ-
entiable inference.
Neural ODEs have been applied in cosmology to

emulate the nonlinear matter power spectrum [13]
and to augment N -body simulations [14], but have
not been used for equation-of-state reconstruction
from observational distance data. Deep ensem-
bles [15], which we employ for uncertainty quantifi-
cation, have seen limited adoption in cosmological
inference; the single most relevant study [16] found
deep ensembles less well-calibrated than evidential
methods for parametric dark energy models. We ad-
dress this directly through post-hoc calibration on
mock data.
Our contributions are primarily methodological:

1. Architecture. A physics-informed neural
ODE with ΛCDM baseline initialization, proper
CMB distance priors (R, ℓA) via ΛCDM-
anchored stitching, and full-covariance cosmic
chronometer constraints, which integrates the
Friedmann equation as the forward pass rather
than enforcing it via a loss penalty.

2. Feldman–Cousins calibration of the pro-
file likelihood. A construction on 20 ΛCDM
mocks demonstrates that Wilks’ theorem over-
states the profile significance by a factor of
∼ 2–3 in this regularized non-convex regime.

The naive Wilks conversion
√

∆χ2 gives 2.5–
3.1σ; the correct frequentist p-value is 0.10–0.20
(∼ 1σ). We propose FC calibration as the hon-
est frequentist replacement for Wilks in any pro-
file likelihood applied to smoothness-regularized
neural-network reconstructions.

3. Attribution analysis. Per-bin BAO de-
composition combined with a drop-LRG2 re-
fit shows that the full-data phantom depth de-
composes into ∼ 0.08 from the rest of the
data (at the mock-calibrated noise floor) and
∼ 0.10 from the LRG2 DH/rd measurement at
z = 0.706. This decomposition methodology —
per-bin χ2 followed by single-bin drop — is a
general tool for interpreting non-parametric re-
constructions.

4. Stable extrapolation beyond the GP bar-
rier. The ODE integration (rather than numer-
ical differentiation) keeps w(z) well-behaved to
z ≈ 2.5. In the range 1.5 ≲ z ≲ 2.3 where direct
BAO and CC data are sparse, the reconstruc-
tion is set by smoothness and the CMB anchor,
not by local data; we describe this as stable ex-
trapolation rather than reliable reconstruction.

5. Application to DESI DR2 data yields
w(1.0) = −1.18 (∼ 1.3σ mock-calibrated);
all three SN compilations independently prefer
w(1) < −1.07; the full-data preference is at the
∼ 1σ level (FC-calibrated), dropping to ∼ 0.6σ
if the LRG2 bin is removed. We present this
as a marginal hint to be confirmed or refuted
by DESI DR3, Euclid, and the Vera C. Rubin
Observatory, not as a detection.

2 Method

2.1 Architecture

The dark energy equation of state is parameterized
as a neural network wθ(z) that learns deviations from
a ΛCDM baseline:

w(z) = clamp
[
− 1 +Nθ(z), −3, 0

]
(1)

where Nθ(z) is a multilayer perceptron with three
hidden layers of 64 units each and SiLU activations,
and the clamp enforces w ∈ [−3, 0]. The final layer
is zero-initialized so that training begins exactly at
w(z) = −1, the cosmological constant. This ΛCDM
initialization means the network starts at the sim-
plest viable cosmology and only departs when the
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data reward it, a form of Occam’s razor built into
the architecture.
The bounding w ≥ −3 prevents superluminal dark

energy sound speeds, and w ≤ 0 ensures dark energy
has negative pressure. The lower bound is chosen
conservatively: across the canonical 20-model en-
semble, no seed ever approaches w = −3, with the
deepest w(z) across all seeds and redshifts reaching
−1.20. We verified edge-independence by retrain-
ing a 10-model ensemble with the clamp widened to
w ∈ [−5, 0]: w(1) shifts by only +0.030 (from −1.147
to −1.117), well within σmock, and no seed saturates
either bound. The w ≤ 0 upper bound plays a more
active role for low-redshift SN-sensitive regions and
is motivated by the requirement of negative pressure;
we do not test above-zero values.

The dark energy density evolves according to the
continuity equation

d ln ρDE

dz
=

3[1 + w(z)]

1 + z
(2)

which we integrate as an ODE using a fixed-step
fourth-order Runge–Kutta (RK4) solver with 150
steps from z = 0 to z = 3. We verified that re-
ducing the step count from 300 to 150 produces
identical w(z) reconstructions to within numerical
precision. The Hubble parameter is computed alge-
braically from the Friedmann equation:

E2(z) = Ωm(1+z)3 + (1−Ωm) exp

[∫ z

0

3(1+w)

1+z′
dz′

]
(3)

where E(z) ≡ H(z)/H0. The comoving distance is
obtained by trapezoidal integration of c/H(z) on the
150-point grid, and distances at arbitrary redshifts
are computed by differentiable linear interpolation
via torch.searchsorted.
The full model has three free cosmological param-

eters (H0, Ωm, rd) plus the network weights. In
practice, rd is fixed at the CAMB-computed value
of 146.92 Mpc (see Sec. 2.3), leaving two cosmolog-
ical parameters and ∼8,500 network weights. The
effective number of parameters is much smaller than
8,500 due to the smoothness regularization and the
ODE integration, which couples all redshifts through
a single dynamical equation.

2.2 Training

Each model is trained by minimizing

L = χ2
BAO+χ2

SN+χ2
CMB+χ2

CC+λs

〈(
dw

dz

)2
〉

(4)

where χ2
BAO, χ2

SN, χ2
CMB, and χ2

CC are defined in
Sec. 3, λs is the smoothness regularization strength,
and the derivative dw/dz is evaluated by finite dif-
ferences on a uniform grid of 100 points in z ∈ [0, 3].
The CMB constraints enter through the shift pa-

rameter R and the acoustic scale ℓA, computed as
derived quantities from the neural ODE’s own ex-
pansion history via ΛCDM-anchored stitching to the
Planck-calibrated high-redshift distance (Sec. 3.3):

χ2
CMB = ∆vT C−1

CMB∆v (5)

where ∆v = (Rpred−RPlanck, ℓA,pred−ℓA,Planck) and
CCMB is the 2 × 2 covariance matrix from Planck
2018 [17].
Optimization uses Adam [18] with learning rate

1 × 10−4, gradient clipping at norm 1.0, and cosine
annealing over 8,000 epochs. Each epoch evaluates
the full dataset (no batching is needed given the
small data volume).

2.3 Sound horizon

The sound horizon rd enters all BAO measure-
ments as a normalization: DESI reports DM/rd and
DH/rd. In the w0wa MCMC, rd is computed self-
consistently from the Boltzmann code CAMB [19]
at each parameter point. In the neural ODE, rd is
fixed at 146.92 Mpc, the CAMB value at the fidu-
cial cosmology (H0 = 67.36, Ωm = 0.315, ωb =
0.02237). This is justified because rd depends on pre-
recombination physics (the baryon-photon plasma)
and is independent of dark energy at z ≲ 10. Allow-
ing rd to float introduces a degeneracy with H0 that
absorbs BAO signal.
We verify this choice with a dedicated rd-free test

in which rd is allowed to float during training. The
sound horizon drifts by only 0.07 Mpc from the fidu-
cial value, confirming that the data do not pull rd
away from the CAMB prediction and that fixing rd
does not bias the reconstruction.
The acoustic scale ℓA also requires a sound hori-

zon value. We use rs = 144.44 Mpc, the CAMB-
computed sound horizon at last scattering (as op-
posed to rd = 146.92 Mpc at the drag epoch), fol-
lowing the definition ℓA = πDM (z∗)/rs.

2.4 Deep ensemble and uncertainty cali-
bration

We train M = 20 models with identical architecture
and hyperparameters but different random seeds for
hidden-layer initialization. The ensemble mean and
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standard deviation at each redshift provide the cen-
tral estimate and raw uncertainty:

w̄(z) =
1

M

M∑
i=1

wi(z) (6)

σraw(z) =

√√√√ 1

M − 1

M∑
i=1

[wi(z)− w̄(z)]2 (7)

Deep ensembles are known to underestimate pos-
terior uncertainty when all members share the same
architecture, initialization scheme, and loss func-
tion [15, 16]. We calibrate the uncertainty using
mock datasets generated from the known ΛCDM
truth (Sec. 4.2). The calibration procedure re-
veals that the raw ensemble scatter (σraw = 0.015
at z = 1.0) underestimates the true uncertainty
(σmock = 0.130) by a factor of ∼ 9.
We therefore do not report calibrated ensemble

uncertainties as our primary significance measure.
Instead, we assess significance using mock-calibrated
scatter (Sec. 4.3) and the profile likelihood (Sec. 5.4).

2.5 Gaussian process baseline

For comparison, we implement a standard GP re-
construction following the methodology of Seikel,
Clarkson & Smith [20] and the DESI official non-
parametric analysis [4]. A GP with Matérn-5/2 ker-
nel is trained onH(z) data points derived from DESI
DH/rd measurements, anchored at z = 0 by the
Planck value H0 = 67.36 ± 0.54 km/s/Mpc. Ker-
nel hyperparameters are optimized by maximizing
the marginal log-likelihood.
The equation of state is derived from the GP pos-

terior via [20]

w(z) =
2(1 + z)H ′(z)/(3H(z))− 1

1− Ωm(1 + z)3/E2(z)
(8)

where H ′(z) = dH/dz is obtained by differentiating
2,000 posterior samples of H(z). This differentia-
tion amplifies noise, causing the GP reconstruction
to become unreliable at z ≳ 1.2.

2.6 Cosmic chronometers

Cosmic chronometers (CC) provide model-
independent measurements of the Hubble parameter
H(z) from the differential age evolution of passively
evolving galaxies [21]. Unlike BAO measurements,
which constrain integrated distance ratios DM/rd
and DH/rd, cosmic chronometers directly measure

the expansion rate without assuming a fiducial
cosmology or a sound horizon calibration, making
them a valuable independent probe of dark energy
dynamics.
In the neural ODE framework, the cosmic

chronometer contribution to the loss is

χ2
CC = ∆HT C−1

CC∆H (9)

where ∆Hi = Hpred(zi) − Hobs(zi), Hpred(zi) =
H0E(zi) is the model prediction from the neural
ODE’s integrated expansion history, and the sum
runs over NCC = 36 measurements. The covariance
matrix CCC includes the full Moresco et al. (2020)
systematic covariance for the 15 Moresco compila-
tion points [22], constructed as C = diag(σ2

stat) +
CIMF+CSPS, where CIMF and CSPS are outer prod-
ucts of the fractional IMF and stellar-population-
synthesis systematics scaled by H(zi)H(zj). For the
remaining 18 CC points (from independent measure-
ments) and 3 DESI DR1 points, we use diagonal un-
certainties. Including the full covariance increases
χ2
CC at the truth from ∼ 16 (diagonal) to ∼ 27, cor-

rectly downweighting correlated systematics.

3 Data

3.1 DESI DR2 baryon acoustic oscilla-
tions

We use 13 BAO distance measurements from DESI
DR2 [1], spanning seven redshift bins from z = 0.30
to z = 2.33. The data vector is heterogeneous: the
bright galaxy survey (BGS) at z = 0.30 provides
a single volume-averaged distance DV /rd, while the
remaining six bins (luminous red galaxies, emission-
line galaxies, quasars, and the Lyman-α forest) each
provide two measurements, DM/rd and DH/rd, for
a total of 13 data points with a 13 × 13 covariance
matrix.
The BAO χ2 is

χ2
BAO = ∆dT C−1

BAO∆d (10)

where ∆d is the residual vector between predicted
and observed distances. The theoretical predictions
are:

DM (z) =

∫ z

0

c dz′

H(z′)
(11)

DH(z) =
c

H(z)
(12)

DV (z) =
[
z D2

M (z)DH(z)
]1/3

(13)

all divided by rd.
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3.2 Type Ia supernovae

Our primary supernova dataset is Pantheon+ [23],
comprising 1,701 SNe Ia with corrected apparent B-
band magnitudes mb,corr and a 1701 × 1701 covari-
ance matrix including both statistical and system-
atic uncertainties. The distance modulus is µ =
mb,corr − MB, where MB is the unknown absolute
magnitude.

The SN χ2 analytically marginalizes over MB [24]:

χ2
SN = ∆µTC−1

SN∆µ−
(∆µTC−1

SN1)
2

1TC−1
SN1

(14)

where ∆µ = mb,corr − µth(z) and µth(z) =
5 log10[dL(z)/Mpc] + 25 with dL = (1 + z)DM . The
vectors C−1

SN1 and 1TC−1
SN1 are precomputed at ini-

tialization.
For robustness testing, we also employ Union3 [25]

(22 compressed redshift bins with a 22 × 22 covari-
ance) and DES-SN5YR [26] (1,820 SNe Ia with in-
verse covariance stored as a packed upper triangle).

3.3 Planck CMB distance priors

We use Planck 2018 compressed distance priors [17]:
the shift parameter R = 1.7502±0.0046 and acoustic
scale ℓA = 301.471±0.090, with their 2×2 covariance
matrix. The physical baryon density is fixed at ωb =
0.02236.

In contrast to the simplified Gaussian priors on
H0 and Ωm used in earlier versions of this analy-
sis, the CMB constraints now enter through R and
ℓA computed as derived quantities from the neural
ODE’s own expansion history. This requires the
comoving distance to the last-scattering surface at
z∗ ≈ 1089.92.
Because the neural ODE integrates the Friedmann

equation only over the dark-energy-dominated era
(z ≲ 3), it cannot directly compute DM (z∗). We
employ a ΛCDM-anchored stitching approach:

DM (z∗) = DCAMB
M (z∗) +

[
DODE

M (3)−DΛ
M (3)

]
(15)

where DCAMB
M (z∗) = 13,872.79 Mpc is precomputed

from CAMB at the fiducial cosmology (including ra-
diation and neutrinos), and the bracketed term mea-
sures the deviation of the neural ODE’s expansion
history from ΛCDM over the range where dark en-
ergy is active. Both DODE

M (z=3) and DΛCDM
M (z=3)

are computed by trapezoidal integration on the same
grid, so the integration bias cancels in the subtrac-
tion. At ΛCDM initialization, the bracket van-
ishes and DM (z∗) = DCAMB

M (z∗) exactly. We call

this ΛCDM-anchored stitching — accurate when the
trained (H0,Ωm) are close to fiducial, approximate
otherwise. The stitching usesDCAMB

M (z∗) at the fidu-
cial (H0,Ωm), not the network’s learned values. The
sound horizon rs = 144.44 Mpc entering ℓA is sim-
ilarly held at fiducial. We approximate the H0 de-
pendence by the (67.36/H0) scaling factor applied
to DCAMB

M (z∗), which absorbs the leading correction.
The residual bias from Ωm drift in both DM (z∗) and
rs, and from the sub-leading H0 dependence of rs, is
quantified below.
To estimate the residual stitching bias, we take

typical trained parameters from the canonical en-
semble (H0 = 67.17, Ωm = 0.3176, ΛCDM) and
compare our stitched (R, ℓA) predictions to a full-
CAMB calculation at the same (H0,Ωm). The
stitching introduces a bias of ∆R ≈ +0.006 (125% of
σPlanck
R = 0.0046) and ∆ℓA ≈ +0.73 (∼ 8×σPlanck

ℓA
=

0.090). The ℓA bias is dominated by the mismatch
in rs: rCAMB

s (67.17, 0.3176) = 144.17, while we use
144.44.

Post-hoc verification of stitching-bias prop-
agation. The ∆ℓA ≈ 8σPlanck

ℓA
residual quoted

above is computed at fixed (H0,Ωm) and character-
izes the mechanism of the stitching bias, not its con-
sequence for the inferred cosmology. The relevant
question is whether the network’s trained (H0,Ωm)
lands in a region of parameter space that is genuinely
consistent with Planck under a full-CAMB recom-
putation. We test this directly: for each seed in the
canonical 20-model ensemble, we compute the true
(R, ℓA) at the trained (H0,Ωm) using full CAMB
with the same (ωb, neutrino) configuration as the
fiducial run, and evaluate the corresponding χ2

CMB

against the Planck 2018 compressed likelihood. The
result across the ensemble is χ2

CMB(true) = 3.88 ±
0.05 (range 3.81–3.99), to be compared with the χ2

thresholds for 2 degrees of freedom of 2.30 (68%)
and 6.18 (95%). The trained cosmology is consis-
tent with Planck at better than 2σ. The stitching
biased the optimization target by 8σ in ℓA at fixed
parameters, but the network compensated by drift-
ing (H0,Ωm) by ∼ 0.5% — well within Planck’s joint
posterior — to land at a point where the true (R, ℓA)
match Planck. The tight seed-to-seed scatter (0.05
in χ2) confirms this is a coherent systematic absorp-
tion rather than seed-dependent optimization noise.
We conclude that the stitching bias does not prop-
agate into the inferred w(z) at a level relevant for
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our ∼ 1σ-level results. A full 2D-grid CAMB inter-
polation that would remove the bias at the source
has been implemented in the code release but is not
exercised for the canonical analysis; we recommend
it for future applications targeting higher precision.
The shift parameter is then

R =

√
ΩmH0

c
DM (z∗) (16)

and the acoustic scale is

ℓA =
πDM (z∗)

rs
(17)

where rs = 144.44 Mpc is the CAMB-computed
sound horizon at last scattering. Both R and ℓA
depend on H0 and Ωm (the neural ODE’s free cos-
mological parameters) through Eq. (16), providing
a proper CMB constraint that correctly propagates
the degeneracy structure.

The CMB χ2 is

χ2
CMB =

(
Rpred −RPl

ℓA,pred − ℓA,Pl

)T

C−1
CMB

(
Rpred −RPl

ℓA,pred − ℓA,Pl

)
(18)

where RPl = 1.7502 and ℓA,Pl = 301.471.

3.4 Cosmic chronometer data

We compile 36 cosmic chronometer H(z) measure-
ments spanning 0.07 ≤ z ≤ 1.965. The compila-
tion consists of 33 measurements from the Moresco
(2024) updated collection [21], which synthesizes two
decades of differential age measurements from pas-
sively evolving galaxies across multiple spectroscopic
surveys, plus 3 additional measurements from DESI
Data Release 1 [27]. For the 15 measurements from
the Moresco compilation that share stellar popu-
lation synthesis (SPS) modeling assumptions, we
include the full systematic covariance matrix from
Moresco et al. (2020) [22], which accounts for corre-
lated uncertainties from SPS choice and initial mass
function assumptions. The neural ODE achieves
χ2
CC ≈ 27 for the 36 data points with the full covari-

ance (compared to ∼ 16 with diagonal-only errors),
reflecting the correctly downweighted contribution of
correlated systematics.

Cosmic chronometers are particularly valuable for
non-parametric reconstruction because they provide
direct H(z) measurements at redshifts overlapping
with the BAO data (z ∼ 0.3–2.0), breaking degen-
eracies between w(z) and the cosmological param-
eters H0 and Ωm that arise when only integrated
distance measures are available.

Figure 1: Deep ensemble calibration test on five repre-
sentative mock datasets generated from ΛCDM. An ex-
tended analysis with 50 canonical mocks (Sec. 4.2) reveals
that the raw ensemble scatter (σraw = 0.015) underesti-
mates the true mock-to-mock variation (σmock = 0.130)
by a factor of ∼ 9. The ensemble uncertainty bands are
not suitable for significance claims; mock-calibrated scat-
ter (Sec. 4.3) is used instead.

4 Validation

4.1 w0wa MCMC baseline

We first verify the data pipeline by running a stan-
dard w0waCDM MCMC using emcee [28] with 64
walkers and 10,000 steps. The likelihood com-
bines DESI DR2 BAO, Pantheon+ SNe Ia, and
Planck compressed CMB priors. Our constraints
(w0 = −0.722 ± 0.055, wa = −1.058 ± 0.20, Ωm =
0.324 ± 0.006, H0 = 66.78 ± 0.57 km/s/Mpc) are
consistent with the published DESI DR2 results [1].
Small differences arise from our use of compressed
CMB priors rather than the full Planck power spec-
trum likelihood and from the absence of BAO recon-
struction corrections. The wa = −1.058±0.20 repre-
sents a 5.3σ deviation from wa = 0 (the cosmological
constant), reproducing DESI’s headline detection of
evolving dark energy.
We note that when the proper CMB constraints

(R, ℓA) are used in place of the simplified Gaussian
priors on H0 and Ωm, the w0wa tension with ΛCDM
is preserved but the posterior shifts slightly, confirm-
ing that the simplified priors were an adequate ap-
proximation for the MCMC baseline.

4.2 Uncertainty calibration

We generate 50 canonical mock datasets from
ΛCDM (w = −1 everywhere), each with DESI-like
BAO noise (full 13 × 13 covariance), Pantheon+-
like SN noise, cosmic chronometer noise, and proper
CMB priors. For each mock, we train a 10-model en-
semble using the canonical configuration (ΛCDM ini-
tialization, 150 ODE steps, lr = 10−4, 8,000 epochs)
and measure both the ensemble spread and the re-
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covered w(1.0). The real-data ensemble uses 20 mod-
els for tighter averaging; the mock ensembles use 10
for computational efficiency. Since σmock is domi-
nated by the mock-to-mock noise (0.130) rather than
the per-mock ensemble noise (∼ 0.01), this difference
is negligible.
The result: the raw ensemble standard deviation

at z = 1.0 is σraw = 0.015, while the mock-to-mock
scatter of the ensemble mean is σmock = 0.130, an
underestimate by a factor of ∼ 9. The mock mean
w̄mock(1.0) = −1.009 is consistent with the ΛCDM
truth (w = −1), demonstrating that the method is
essentially unbiased (bias = −0.009).

This confirms and extends the findings of Tan et
al. [16] that deep ensembles underestimate uncer-
tainty for dark energy inference. The fundamental
limitation is that all ensemble members share the
same architecture, loss function, and initialization
scheme, exploring a narrow region of function space
around a single optimum.
We therefore do not report calibrated ensemble

uncertainties as our primary significance measure.
Instead, we assess the significance of departures from
ΛCDM using mock-calibrated scatter (Sec. 4.3).

4.3 ΛCDM false positive test

To determine the honest significance of the departure
from ΛCDM, we use the 50 canonical mock datasets
described above. If the neural ODE finds a departure
from w = −1 in ΛCDM data, it is fitting noise.
Across 50 ΛCDM mocks, the mean reconstructed

w(1.0) = −1.009 ± 0.130. The method is unbi-
ased (mean consistent with −1), but the scatter
(σmock = 0.130) is ∼ 9× larger than the raw en-
semble standard deviation (0.015). Using the raw
ensemble bands, 50% of ΛCDM mocks produce a
spurious detection, a false positive rate that renders
the ensemble uncertainty bands unsuitable for sig-
nificance claims. At the 2σmock threshold, the false
positive rate drops to 2%.
The mock-calibrated scatter provides the ap-

propriate uncertainty. The real data gives
w(1.0) = −1.18, which deviates from the ΛCDM
mock distribution (−1.009 ± 0.130) by |−1.18 −
(−1.009)|/0.130 ≈ 1.3σ. This is the honest signif-
icance of the departure from ΛCDM: a ∼ 1.3σ hint,
not a high-significance detection.
We note that this calibration assumes σmock is

truth-independent. The phantom injection test at
w(1) = −1.45 (Sec. 4.11) recovers w(1) = −1.08 ±

Figure 2: Neural ODE w(z) reconstruc-
tion at five smoothness regularization strengths
λs ∈ {0.1, 0.5, 1.0, 2.0, 5.0} (v1 configuration with w0wa

initialization, 300 ODE steps). The phantom excursion
(dip below w = −1) at z ≈ 1.0 survives at every regular-
ization strength. The low-redshift behavior (z < 0.3) is
regularization-dependent. The w0wa best fit (dashed) is
shown for reference.

0.20 across 10 noise realizations, suggesting that the
per-realization scatter at deeper truths (∼ 0.20) is
larger than the ΛCDM mock scatter (0.13). If the
true underlying w(1) is below −1, the relevant cali-
bration is the phantom-scatter value, not the ΛCDM
value, which would reduce the mock-calibrated sig-
nificance from ∼ 1.3σ to ∼ 0.9σ. The calibration
itself therefore carries a ∼ 0.4σ uncertainty, nudging
the significance downward rather than upward. This
is consistent with the FC-calibrated profile result of
∼ 0.8–1.3σ (Sec. 4.10).

4.4 Initialization independence

The canonical ensemble uses ΛCDM initialization
(w = −1 everywhere, zero-initialized final layer). In
earlier versions of this analysis, we verified that the
reconstruction is initialization-independent by train-
ing a separate ensemble initialized from the w0wa

best fit (w0 = −0.722, wa = −1.058). The two ini-
tializations produced w(1.0) values differing by only
0.005, well within the mock-calibrated scatter. The
ΛCDM initialization is now the default configura-
tion, as it imposes the minimal prior assumption and
provides a cleaner baseline for departure detection.

4.5 Regularization sensitivity

In an earlier configuration (v1: w0wa initializa-
tion, 300 ODE steps, lr = 2 × 10−4, 5,000 epochs,
Gaussian CMB priors), we performed a regular-
ization sweep at five smoothness strengths: λs ∈
{0.1, 0.5, 1.0, 2.0, 5.0}. The results (Table 1) con-
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Table 1: Regularization sensitivity of the neural ODE
reconstruction (v1 configuration). BAO χ2 and w(z) at
selected redshifts as a function of smoothness regulariza-
tion strength λs.

λs χ2
BAO w(0) w(0.5) w(1.0) H0

0.1 4.7 −0.12 −0.63 −1.28 66.93
0.5 4.6 −0.29 — −1.28 66.93
1.0 4.7 −0.40 — −1.27 66.94
2.0 5.0 −0.51 — −1.25 66.98
5.0 5.8 −0.66 — −1.20 67.07

w0wa 13.6 −0.72 −1.07 −1.25 66.91

Table 2: Per-bin BAO χ2 for the neural ODE canonical
ensemble vs. the w0wa MCMC best fit. Ndof is the num-
ber of measurements in that bin (1 for BGS, 2 for the
DM/rd–DH/rd pairs). The DESI DR2 covariance ma-
trix has vanishing off-diagonal elements between different
redshift bins (verified numerically; within-bin DM–DH

correlations are retained); these are exact block contri-
butions χ2

b = ∆dT
b (C

−1
BAO)bb∆db that sum to the total

χ2
BAO.

Bin zeff Ndof χ2
NODE χ2

w0wa
∆χ2

BGS 0.295 1 0.04 0.07 −0.03
LRG1 0.510 2 3.46 3.48 −0.02
LRG2 0.706 2 2.22 4.31 −2.09
LRG3+ELG1 0.934 2 0.88 0.72 +0.16
ELG2 1.321 2 0.18 0.77 −0.58
QSO 1.484 2 0.62 0.37 +0.24
Ly-α 2.330 2 0.06 0.68 −0.61

Total — 13 7.47 10.39 −2.92

firmed that the departure from ΛCDM at z ≈ 1.0
is not an artifact of the regularization choice.
The departure from ΛCDM at z ≈ 1.0 survived all

regularization strengths: w(1.0) ranged from −1.20
to −1.28, always below −1. The low-redshift be-
havior (z < 0.3) was regularization-dependent: w(0)
moved monotonically from −0.12 at λs = 0.1 to
−0.66 at λs = 5.0. The BAO χ2 ranged from 4.6
to 5.8, always substantially better than the w0wa

value of 13.6.

4.6 Per-bin BAO fit

To identify which BAO measurements drive the de-
parture from ΛCDM, we decompose the aggregate
χ2
BAO by redshift bin using the block-diagonal struc-

ture of the DESI DR2 covariance matrix. Table 2
compares the neural ODE (canonical pipeline, 20-
model ensemble mean prediction) with the w0wa

best fit per bin.
The total ∆χ2

BAO = −2.92 is driven primarily by

the LRG2 bin at z = 0.706 (∆χ2 = −2.09, ac-
counting for 72% of the improvement), with smaller
contributions from the Ly-α (∆χ2 = −0.61) and
ELG2 (∆χ2 = −0.58) bins. No single bin shows
χ2/Ndof suspiciously close to zero (χ2/Ndof ≤ 1.73
across all bins), indicating that the neural ODE is
not overfitting any individual measurement. The
overall χ2

BAO/Ndof = 7.47/13 = 0.57 is lower than
the w0wa value of 0.80, but this is a property of the
block of measurements collectively rather than any
individual bin.

4.7 Injection-recovery tests

To verify that the neural ODE can detect known
departures from ΛCDM and distinguish them from
noise, we perform injection-recovery tests on five dis-
tinct w(z) truth models, with 20 independent noise
realizations per truth (100 total fits). Each realiza-
tion is a single-model fit (not an ensemble), trained
with the full canonical pipeline.
The five truth models span qualitatively different

dark energy behaviors:

1. Phantom crossing: w(z) = −1−0.3 exp[−(z−
1)2/0.5] (Gaussian dip at z = 1)

2. Thawing quintessence: w(z) = −1 +
0.3z/(1 + z) (monotonic, w > −1 everywhere)

3. Oscillatory: w(z) = −1+0.15 sin(2πz) (period
∼ 1 in z)

4. Step: w(z) = −1− 0.3/[1 + exp(−20(z − 0.5))]
(rapid transition at z = 0.5)

5. Rapid transition: w(z) = −1 − 0.2(1 +
tanh[5(z − 1)])/2 (tanh onset at z = 1)

Table 3 summarizes the recovery performance. For
all four truths with phantom-like features (phan-
tom, oscillatory, step, rapid), the method detects
w < −1 in 19 or 20 of 20 realizations. Depth at-
tenuation from the smoothness regularizer ranges
from 0.57× (oscillatory, shortest-wavelength feature)
to 0.79× (step function). For the thawing truth,
which has w > −1 everywhere, 17 of 20 realizations
show w < −1 at some redshift due to noise, but the
mean reconstruction across realizations stays above
w = −1: the method does not systematically gener-
ate false phantom crossings from quintessence input.
These tests establish that the neural ODE has ade-

quate sensitivity to detect phantom-scale departures
from ΛCDM across a broad range of w(z) morpholo-
gies, while maintaining the correct null result for
quintessence input. The 0.57–0.79× depth attenua-
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Table 3: Injection-recovery results: 5 truths × 20 noise
realizations. “Attn” is the depth attenuation factor (re-
covered / true); “w ¡ -1” counts realizations showing any
phantom value.

Truth w(1)true w(1)rec Attn w¡-1 in

Phantom crossing −1.300 −1.032± 0.16 0.72× 20/20
Thawing (no crossing) −0.851 −0.878± 0.13 N/A 17/20
Oscillatory −1.007 −1.046± 0.14 0.57× 19/20
Step −1.300 −1.226± 0.14 0.79× 20/20
Rapid transition −1.096 −1.083± 0.15 > 1× 20/20

tion means that reconstructed w(z) deviations from
ΛCDM should be interpreted as lower bounds on the
true deviation; features narrower than ∆z ≈ 0.5 are
particularly smoothed.

4.8 Curvature-floating test

A well-known degeneracy in distance-based cosmol-
ogy is w–Ωk: a small positive curvature can mimic
the effect of w < −1 on integrated distances. We
test whether the phantom signal at z ≈ 1 is driven
by this degeneracy by allowing Ωk to float as a free
parameter. The Friedmann equation becomes

E2(z) = Ωm(1+z)3+Ωk(1+z)2+ΩDE ρDE(z)/ρDE,0,

with ΩDE = 1 − Ωm − Ωk. The comoving distance
generalizes to the transverse comoving distance via
DM = (c/H0)/

√
|Ωk| sinn(

√
|Ωk|H0DC/c) where

sinn = sinh for Ωk > 0 and sin for Ωk < 0. Crit-
ically, we apply this transverse-distance correction
self-consistently at all redshifts including z∗ = 1089:
DM (z∗) = Sk(DC(z∗),Ωk) before computing the
CMB shift parameter R =

√
Ωm (H0/c)DM (z∗) and

acoustic scale ℓA = πDM (z∗)/rs. For the small cur-
vature values Ωk ≈ 10−3 that the data allow, the
Sk correction at z∗ shifts ℓA by ∼ 5σPlanck and R by
∼ 0.6σPlanck, so self-consistency is essential. We im-
pose a weak Gaussian prior Ωk ∼ N (0, 0.052), much
wider than Planck’s constraint.
Across a 20-model ensemble, Ωk converges to

+0.00085 with seed-to-seed scatter of ±0.00009. We
emphasize that this scatter reflects the network’s
seed-dependent preferred value, not the posterior
width of Ωk, which would properly be character-
ized by an MCMC or equivalent marginalization.
The result should be read as: the network consis-
tently prefers Ωk ≈ 10−3 across seeds, well within
Planck’s range (Ωk = 0.0007 ± 0.0019). The tight-
ness of the seed scatter mirrors the well-documented
deep-ensemble underestimation of scatter (Sec. 4.2)
rather than a posterior detection of curvature. The

w(z) reconstruction shifts modestly: w(1.0) moves
from −1.183 (flat) to −1.113 (curvature free), a shift
of +0.07 toward ΛCDM. The χ2

BAO increases slightly
(from 7.47 to 7.80) when Ωk is free, indicating that
adding the curvature parameter does not improve
the fit. The data prefer Ωk ≈ 0 with w ̸= −1 over
Ωk ̸= 0 with w = −1.
The w–Ωk degeneracy thus accounts for ∼ 40% of

the apparent phantom deviation from ΛCDM, but
the remaining 0.11 offset below −1 persists. The
phantom signal is not an artifact of assumed flatness.
We note one remaining caveat: the Planck val-

ues RPlanck and ℓA,Planck themselves were derived by
Planck assuming flatness. We treat them as fixed
measurements and apply the Sk correction only to
our model predictions. A rigorous analysis would
use Planck’s joint (R, ℓA,Ωk) compressed posterior
or the full power spectrum likelihood. However,
Planck’s own constraint Ωk = 0.0007 ± 0.0019 (full
power spectrum + BAO + lensing) contains our re-
sult comfortably, and the curvature needed to absorb
the phantom signal (∼ |Ωk| ∼ 0.01–0.02) is excluded
by Planck at > 5σ. The flat-CMB approximation on
the observed side is therefore not limiting our con-
clusion.

4.9 LRG2 single-bin outlier test

To test whether the localization of the phantom fea-
ture at z ≈ 1 is driven by a specific residual in the
BAO data, we inject mock data with all 13 BAO
measurements set to ΛCDM truth except the LRG2
DH/rd measurement at zeff = 0.706, which is per-
turbed by −2.2σ to match the real-data residual. SN
and CC mocks are generated at ΛCDM truth with
no noise added. All other validation tests show that
this bin drives the majority of the w0wa improve-
ment (Sec. 4.6).
A 10-model ensemble trained on this engineered

mock reconstructs w(z) with a phantom feature of
depth −1.12 centered at z = 1.34, compared to the
real-data depth of −1.21 at z = 1.22. A −2.2σ resid-
ual in a single BAO bin at z = 0.706, propagated
through the neural ODE with the canonical smooth-
ness regularizer, therefore produces ∼ 50% of the
real-data phantom depth, localized at a redshift sub-
stantially offset from the residual itself. The location
of the phantom feature at z ≈ 1 in our main recon-
struction is partially a method artifact: the ODE
coupling plus smoothness prior translate a residual
at z = 0.706 into a broader w(z) deviation that the
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regularizer prefers to place near z ≈ 1.3. The precise
redshift of the feature should not be over-interpreted.
To test whether the phantom signal survives with-

out LRG2, we refit the canonical 10-model ensemble
using a 12-measurement BAO data vector in which
the LRG2 DH/rd is dropped entirely. The result is
w(1.0) = −1.076± 0.006, essentially identical to the
LRG2-only outlier result (−1.074) and 0.107 higher
than the full-data canonical value (−1.183). The
ensemble scatter across seeds is tight (std 0.006), in-
dicating a well-defined local minimum that does not
depend on initialization.
The full-data phantom depth therefore decom-

poses precisely: ∼ 0.10 of the ∼ 0.18 depth be-
low ΛCDM is contributed specifically by the LRG2
DH/rd measurement, and ∼ 0.08 is contributed by
the rest of the data (cosmic chronometers, Ly-α
BAO, supernova distance tilt, CMB pull). The resid-
ual ∼ 0.08 is driven by something — not nothing
— but at an amplitude below the mock-calibrated
noise floor (σmock = 0.130), so it is individually con-
sistent with a ΛCDM fluctuation at ∼ 0.6σ and can-
not be claimed as an independent detection. Only
the LRG2 contribution is large enough to register
against σmock. The phantom preference at z ≈ 1 is
therefore a combination of a sub-threshold coherent
tilt from the rest of the data and an above-threshold
single-bin residual; the latter dominates the total sig-
nal, and the question of whether the full-data pref-
erence is a real departure from ΛCDM is essentially
the question of how much weight to place on the
LRG2 measurement.

4.10 Feldman–Cousins calibration of the
profile likelihood

The profile likelihood scan of Sec. 5.4 gives ∆χ2 =
9.4 (min profile) or 6.2 (mean profile) at ΛCDM.
Wilks’ theorem converts these to 3.1σ and 2.5σ re-
spectively under the assumption of one constrained
parameter, Gaussian likelihood near the minimum,
nested models, and a well-defined effective parame-
ter count. At least three of these assumptions are
poorly satisfied in our setup: the effective parame-
ter count of the ∼ 8,500-weight network is difficult
to pin down (our injection-recovery-based estimate
is peff ≈ 6 for the BAO component; Sec. 6.5), the
smoothness regularizer is dropped from the reported
χ2
profile even though it was active during optimiza-

tion, and the seed-to-seed scatter of χ2 at each grid
point (std 3–5) is comparable to the claimed ∆χ2

Figure 3: Feldman–Cousins null distributions under
ΛCDM from 20 mock datasets. (a) Pinned-target statis-
tic ∆χ2 = χ2(−1) − χ2(−1.45); observed values are 9.4
(min profile) and 6.2 (mean profile), giving p = 0.10
and p = 0.20. (b) Look-elsewhere-corrected statistic
∆χ2

LEE = maxw[χ
2(−1) − χ2(w)] over the full grid w ∈

{−1.0,−1.2,−1.3,−1.4,−1.45}; pLEE = 0.15 (min pro-
file) and 0.40 (mean profile). The LEE correction inflates
the p-value by 1.5–2×, bringing the min-profile signifi-
cance to ∼ 1σ and the mean-profile significance to < 0.3σ.

differences.
We therefore perform a Feldman–Cousins-style

empirical calibration. We generate 20 ΛCDM mock
datasets with the full canonical pipeline noise struc-
ture (BAO, SN, CC, CMB), run the profile scan on
each mock at two w-targets (−1.0 and −1.45, cor-
responding to the ΛCDM null and the data best-
fit), and construct the distribution of ∆χ2

mock =
χ2
mock(w = −1.0) − χ2

mock(w = −1.45) under the
null. Figure 3 shows this distribution.
The null distribution has mean +1.2, std 5.7, and

range [−13.3,+9.7]. The observed ∆χ2 values give
FC p-values of 0.10 (min profile) and 0.20 (mean
profile), corresponding to Gaussian-equivalent sig-
nificances of ∼ 1.3σ and ∼ 0.8σ. Wilks’ theo-
rem therefore overstates the profile significance by
a factor of ∼ 2–3 in this regime. We recom-
mend that FC-style empirical calibration replace
Wilks’ theorem in any profile likelihood applied to
smoothness-regularized neural network reconstruc-
tions with comparable seed-scatter-to-signal ratios.
The ∼ 1σ FC significance is the primary frequentist
number we report.
The p-values above are pinned-target quantities:

they compare χ2(w = −1.0) to χ2(w = −1.45)
only, at the data’s best-fit grid point. A strictly
look-elsewhere-effect-corrected (LEE) statistic uses
TLEE = maxw[χ

2(−1)−χ2(w)] over the full w-target
grid per mock. To compute this, we extended the FC
calibration by running each of the 20 mocks at three
additional targets (w = −1.20,−1.30,−1.40), giving
100 profile fits total. The LEE statistic has mean
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+4.4 and std 3.9 under ΛCDM (vs. +1.2 ± 5.7 for
the pinned statistic). The LEE-corrected p-values
are:

pLEE = 0.15 (min profile observed ∆χ2 = 9.4), 0.40 (mean profile observed ∆χ2 = 6.2),

corresponding to Gaussian equivalents of 1.04σ and
0.25σ respectively. The LEE correction inflates the
p-value by ∼ 1.5× for the min profile but by 2×
for the mean profile. The min-profile significance
remains ∼ 1σ; the mean-profile significance is < 1σ
under LEE. Across the 20 mocks, the LEE maximum
is achieved at w = −1.45 in 6 mocks, −1.40 in 5,
−1.30 in 3, −1.20 in 2, and −1.00 (i.e., TLEE = 0) in
4 — distributed across the grid, confirming that the
LEE correction is nontrivial in this regime.

4.11 Phantom injection at w(1) = −1.45

To test the claim that the regularized ensemble’s
w(1.0) = −1.18 is the smoothness-attenuated im-
age of a “true” phantom depth near −1.45 (the pro-
file best-fit), we inject mock data generated from a
phantom truth w(z) = −1− 0.45 exp[−(z − 1)2/0.5]
and run the canonical pipeline on 10 noise realiza-
tions with 3-model ensembles. If the bias-variance
reconciliation argument were quantitatively correct,
and the 0.6× attenuation measured on the shallower
phantom-crossing injection of depth 0.3 (Sec. 4.7)
extrapolated linearly, the recovered w(1.0) would be
≈ −1.27.
The recovered mean across 10 noise realizations

is w(1.0) = −1.08 ± 0.20. The effective attenua-
tion is 0.17×, not 0.6×. The 0.6× factor does not
extrapolate linearly to deeper injected truths: the
smoothness penalty is quadratic in feature ampli-
tude, and the regularized ensemble cannot produce
depths below ∼ −1.2 regardless of the underlying
truth. The profile likelihood’s w = −1.45 is not an
attenuated image of a reality the ensemble is miss-
ing; it is a depth the regularized estimator cannot
access by construction. Combined with the FC re-
sult (Sec. 4.10), this means the ∼ 2σ pre-calibration
gap between ensemble and profile significance was
not a real physical tension but an artifact of mis-
applied Wilks theorem, not a bias-variance feature
requiring correction.

4.12 The w ≥ −1 clamp (Galilean limit)

As a final diagnostic of how much the phantom pref-
erence is data-forced versus enabled by the unre-
stricted w ∈ [−3, 0] clamp, we retrain the canon-

Table 4: Effect of pipeline corrections on w(1.0) and
mock-calibrated significance. Each row adds one correc-
tion to the previous configuration.

Configuration w(1.0) σmock Significance

Gaussian CMB + w0wa init −1.29 0.052 3.8σ
Proper CMB + w0wa init −1.08 0.055 2.7σ
Proper CMB + ΛCDM init + rad. fix −1.18 0.068 2.7σ
Canonical (+ CC) −1.18 0.130 1.3σ

ical ensemble with the clamp tightened to w ∈
[−1, 0], forbidding any phantom value by construc-
tion. Across a 10-model ensemble, the network sat-
urates at w = −1 across 94.5% of the redshift grid;
only at z < 0.3 does w remain above −1 (where su-
pernova data allow flexibility). The fit degrades by
∆χ2 ≈ 6 compared to the unrestricted mean profile
at its best-fit depth. Under the FC null distribution
(Sec. 4.10), ∆χ2 = 6 has p = 0.20. The clamp test
therefore confirms, via an independent route, that
the phantom preference costs ∼ 6 χ2 units in the
data fit but cannot be distinguished from a ∼ 20%
chance fluctuation under ΛCDM.

4.13 CMB prior sensitivity

The transition from simplified Gaussian priors on
H0 and Ωm (used in v1–v5) to proper CMB distance
priors (R, ℓA) affects the reconstruction in two ways.
First, the proper priors correctly encode the degen-
eracy between H0, Ωm, and w(z) that arises from
the CMB distance to last scattering, rather than im-
posing independent constraints on each parameter.
Second, the shift parameter R ∝

√
ΩmH0DM (z∗) is

sensitive to the integrated expansion history, provid-
ing a more physical constraint than a prior on Ωm

alone.
Table 4 shows how the reconstructed w(1.0) and

mock-calibrated significance evolve as the pipeline
becomes more correct. Across the full set of correc-
tions (proper CMB, ΛCDM initialization, radiation
fix, cosmic chronometers), the ensemble mean shifts
from −1.29 to −1.18, while σmock increases from
0.052 to 0.130, yielding a final significance of 1.3σ.
No single correction dominates: the CMB prior
change alone shifts w(1.0) to −1.08, but the ΛCDM
initialization partially restores the phantom depth
to −1.18. The progression demonstrates that CMB
prior treatment, initialization, and dataset choices
each contribute at the ∼ 0.1 level, and all must be
controlled before significance claims are credible.
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Figure 4: Neural ODE reconstruction of w(z) from
the canonical 20-model ensemble (ΛCDM initialization,
proper CMB priors, cosmic chronometers). Shaded re-
gions show ensemble 1σ (dark) and 2σ (light) bands (note:
these underestimate the true uncertainty by ∼ 9×; see
Sec. 4.2). Faint lines show individual ensemble members.
The dotted gray line is ΛCDM (w = −1).

Table 5: Neural ODE w(z) reconstruction at selected
redshifts from the 20-model ensemble (ΛCDM init, proper
CMB, without CC). A single model trained with CC gives
w(1.0) = −1.14, confirming that CC shifts w(1.0) by only
∼ 0.04. The raw ensemble standard deviation is shown;
see Sec. 4.3 for mock-calibrated significance.

z w(z) Raw ensemble std

0.0 −0.830 0.010
0.3 −0.912 0.007
0.5 −0.988 0.007
1.0 −1.183 0.022
1.5 −1.172 0.014
2.0 −1.014 0.036

5 Results

5.1 w(z) reconstruction

Figure 4 shows the primary result: the neural ODE
reconstruction of w(z) from the 20-model ensemble
with ΛCDM initialization and proper CMB priors
(R, ℓA). Table 5 reports the reconstruction at se-
lected redshifts. Cosmic chronometers are included
in the profile likelihood (Sec. 5.4) and mock cali-
bration (Sec. 4.3); a single model trained with CC
confirms a shift of only ∼ 0.04 in w(1.0).
The most prominent feature is a departure from

ΛCDM that the reconstruction centers near z ≈ 1.0,
where w = −1.18. Using the scatter of w(1.0) across
50 ΛCDM mock reconstructions (σmock = 0.130) as
the uncertainty, this represents a ∼ 1.3σ departure

from w = −1 (Sec. 4.3). The real-data ensemble
standard deviation (0.022) is slightly larger than the
mean across mock ensembles (0.015), likely reflecting
the non-ΛCDM signal in the real data driving greater
inter-model variation. Both underestimate the true
uncertainty (σmock = 0.130), as demonstrated by the
calibration analysis.
An LRG2-outlier injection test (Sec. 4.9) demon-

strates that a single −2.2σ residual in the DH/rd
measurement at z = 0.706, with all other BAO bins
at ΛCDM truth, produces a reconstructed phantom
feature with ∼ 50% of the real-data depth, cen-
tered near z ≈ 1.3. The precise localization at
z ≈ 1 should therefore be interpreted as method-
dependent: the smoothness regularizer combined
with the ODE coupling translates a localized dis-
tance residual at z = 0.706 into a broader w(z) de-
viation that the network places near z ≈ 1.3. Con-
versely, the test also rules out the conservative read-
ing that the phantom signal is entirely due to LRG2:
a single-bin outlier produces only half the real-data
depth, so the other half comes from a combination of
Ly-α, supernova tilt, and cosmic chronometer resid-
uals (Sec. 4.6). The departure from ΛCDM is robust
across validation tests; its centering at z ≈ 1 is partly
the method speaking.
The low-redshift behavior (z < 0.3) remains

regularization-dependent (Sec. 4.5) and supernova-
dataset-dependent (Sec. 5.3). We do not claim w(0)
as a robust measurement.

5.2 Comparison with Gaussian process
reconstruction

Figure 5 shows the neural ODE and GP reconstruc-
tions on the same axes. The methods agree on two
points:
First, both detect departures from ΛCDM at z ≈

1.0: the neural ODE finds w(1.0) = −1.18, while the
GP finds a phantom excursion in the same redshift
range. The GP’s deeper phantom value likely reflects
amplified differentiation noise, but the direction of
the departure from w = −1 is consistent.
Second, both find w(z) ≈ −0.9 near z ≈ 0.3, close

to ΛCDM. We note, however, that Lodha et al. [4]
locate a phantom crossing at z ≈ 0.3 in the offi-
cial DESI GP analysis, whereas our deepest phan-
tom feature is at z ≈ 1.0. These are not the same
feature. The discrepancy likely reflects the different
reconstruction targets (H(z) vs. w(z)), the differ-
entiation noise that affects GP-based w(z) at low
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Figure 5: Neural ODE (blue) vs. Gaussian process (or-
ange) reconstruction of w(z), with ΛCDM (gray dotted).
The GP is restricted to z < 1.3 where numerical differen-
tiation remains stable. Both methods detect departures
from ΛCDM near z ≈ 1.0; the neural ODE extends reli-
ably to z ≈ 2.5.

z, and the inclusion of cosmic chronometers in our
analysis which pulls the low-z reconstruction toward
ΛCDM.
The methods diverge at z > 1.2, where the GP

reconstruction becomes unphysical due to noise am-
plification from numerical differentiation, while the
neural ODE produces well-behaved w(z) out to z =
2.5. This extended range is the neural ODE’s pri-
mary methodological advantage.

5.3 Supernova dataset robustness

In the v1 configuration (w0wa initialization, Gaus-
sian CMB priors), we tested robustness across three
supernova compilations (Table 6). The departure
from ΛCDM at z ≈ 1.0 was independent of the su-
pernova dataset: w(1.0) ranged from−1.27 (Union3)
to −1.30 (DES-SN5YR), a spread of only 0.023,
smaller than at any other redshift. This stability
demonstrates that the feature is driven by the BAO
data, not by supernova calibration.
By contrast, the w0wa parameters themselves vary

significantly across datasets: w0 ranges from −0.639
(Union3) to −0.794 (DES-SN5YR), and wa from
−0.880 (DES-SN5YR) to −1.269 (Union3). The
neural ODE isolates the BAO-driven departure from

Figure 6: Neural ODE w(z) reconstruction using three
independent supernova compilations: Pantheon+ (blue),
Union3 (orange), and DES-SN5YR (green), each com-
bined with DESI DR2 BAO and Planck CMB (v1 con-
figuration with w0wa initialization and Gaussian CMB
priors). Shaded bands are raw ensemble 1σ (not mock-
calibrated); see Sec. 4.3 for the mock-calibrated uncer-
tainty. The departure from ΛCDM at z ≈ 1.0 is stable
across all three datasets. Low-redshift behavior (z < 0.3)
varies with supernova calibration.

Table 6: Neural ODE w(z) across supernova datasets
(v1 configuration: w0wa initialization, Gaussian CMB).
The departure from ΛCDM at z ≈ 1.0 is stable; the low-z
behavior varies.

Pantheon+ Union3 DES-SN5YR

w(0.0) −0.47 −0.80 −0.66
w(0.3) −0.90 −0.96 −1.05
w(0.5) −0.76 −0.79 −0.80
w(1.0) −1.29 −1.27 −1.30
w(1.5) −0.93 −0.97 −1.09
χ2
BAO 5.2 5.0 6.0

H0 67.05 67.14 67.44

SN-dependent low-redshift behavior, producing a
more stable physical result than the parameterized
model at the redshifts where BAO data constrains
the expansion history.
We repeated the SN-dataset comparison in the

canonical pipeline to check whether the v1 stabil-
ity claim survives the pipeline corrections. Single-
model canonical fits (ΛCDM init, proper CMB, full
CC covariance) yield w(1.0) = −1.115 (Pantheon+),
−1.147 (Union3), and −1.079 (DES-SN5YR). Two
observations. First, the direction of the phantom
preference is unanimous: all three SN compila-
tions, with different selection functions and differ-
ent systematic-error treatments, give w(1) < −1.07.
This is a nontrivial cross-check that establishes the
trend is not an artifact of Pantheon+ systematics.
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Figure 7: Profile likelihood for w(z = 1.0) with 50 seeds
per grid point and the full Moresco et al. (2020) CC co-
variance. Both the min-over-seeds (black circles) and
mean-over-seeds (gray squares) profiles place the global
minimum in the phantom range (w ≈ −1.40 to −1.50)
with ∆χ2 = 9.4 (min) / 6.2 (mean) at ΛCDM. Feldman–
Cousins calibration (Sec. 4.10) converts these to p = 0.10
and p = 0.20 respectively (∼ 1σ). Wilks’ theorem over-
states the significance in this regime and is not applied.

Second, the cross-dataset spread is 0.068, a factor
of 3 larger than the v1 value of 0.023; the v1 “sta-
ble to 0.023” claim does not survive the pipeline
corrections. The spread 0.068 is itself comparable
to the mock-calibrated noise floor σmock = 0.130,
so it represents a systematic floor rather than a
contradiction between datasets. The honest sum-
mary: phantom direction robust, phantom depth
SN-calibration-dependent at the mock-scatter level.

5.4 Profile likelihood

To obtain a significance estimate independent of en-
semble calibration or mock procedures, we perform
a frequentist profile likelihood scan. At each fixed
value wtarget, we retrain the full model with an addi-
tional penalty λpin(w(z0)−wtarget)

2 with λpin = 1000
and z0 = 1.0, and record the minimum unpinned

χ2 = χ2
BAO + χ2

SN + χ2
CMB + χ2

CC

across 50 random seeds per grid point. The smooth-
ness regularization and pinning penalty are excluded
from χ2

profile to isolate the data fit. The grid covers
11 values of wtarget from −0.80 to −1.80 in steps of
0.10, giving 550 total fits.

Figure 7 shows the resulting ∆χ2 profiles. We re-
port both the min-over-seeds profile (the frequentist
profile likelihood in the strict sense) and the mean-
over-seeds profile (which is less sensitive to outlier

Table 7: Profile likelihood with cosmic chronometers,
50 seeds per grid point. Best χ2 is the minimum across
50 seeds; mean χ2 is the average. Std is the seed-to-seed
scatter at each target.

w(1.0) Best χ2 Mean χ2 Std ∆χ2
min ∆χ2

mean

−0.80 1778.6 1785.8 3.7 10.8 10.1
−0.90 1774.2 1780.4 4.0 6.4 4.7
−1.00 1777.3 1781.9 3.2 9.4 6.2
−1.10 1776.1 1782.7 3.4 8.2 7.0
−1.20 1776.3 1782.8 3.2 8.4 7.1
−1.30 1769.8 1781.4 4.0 1.9 5.7
−1.40 1767.9 1777.7 4.8 0.0 2.0
−1.50 1768.1 1775.7 3.5 0.3 0.0
−1.60 1775.4 1780.3 3.4 7.5 4.7
−1.70 1773.8 1781.7 3.9 5.9 6.1
−1.80 1776.7 1784.2 3.5 8.9 8.5

seeds). Both profiles place the global minimum in
the phantom range: the min profile at w = −1.40
and the mean profile at w = −1.50. We do not
report an interpolated minimum location to higher
precision than the grid step of 0.10. The shape is
parabolic in both cases, with a single well in the
phantom region.
Table 7 presents the full ∆χ2 profile. At w = −1.0

(ΛCDM), ∆χ2 = 9.38 (min) or 6.18 (mean). We do
not convert these to Gaussian sigmas via Wilks’ the-
orem: the Feldman–Cousins calibration in Sec. 4.10
shows that in this regularized non-convex regime
Wilks overstates the significance by a factor of ∼ 2–
3. The FC-calibrated p-values are 0.10 and 0.20
respectively, corresponding to ∼ 1σ — consistent
with the mock-calibrated ensemble significance and
requiring no bias-variance reconciliation.
The 50-seed profile is more robust than the 10-

seed version reported in an earlier analysis. With
10 seeds, the profile exhibited an apparent bimodal
structure with a global minimum at w ≈ −0.90
(quintessence); this feature was driven by a single
favorable optimization outcome at that grid point.
With 50 seeds, the w = −0.90 point is at ∆χ2

min =
6.4, firmly excluded, and the global minimum is con-
sistently in the phantom region. This underscores
the importance of dense seed sampling for profile
likelihood studies with non-convex neural network
loss landscapes.
The min and mean profiles agree on the qualitative

result but differ in significance: 3.1σ (min) versus
2.5σ (mean). The difference reflects the fact that
the min profile benefits from the best optimization
outcome at each grid point, while the mean profile is
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Table 8: Departure from ΛCDM at z = 1.0 by signif-
icance estimator. The two primary estimators (mock-
calibrated ensemble and FC-calibrated profile) agree at
the ∼ 1σ level. Wilks-converted profile values are
shown for context but are not trustworthy in this regime
(Sec. 4.10).

Method Significance Comment

Raw ensemble bands ∼ 12σ Broken UQ (Sec. 4.2)
Wilks-converted profile (mean) 2.5σ Wilks inapplicable
Wilks-converted profile (min) 3.1σ Wilks inapplicable
Mock-calibrated scatter ∼ 1.3σ Primary
FC profile, pinned (mean) ∼ 0.8σ (p = 0.20) Pinned-target
FC profile, pinned (min) ∼ 1.3σ (p = 0.10) Pinned-target
FC profile, LEE (mean) ∼ 0.3σ (p = 0.40) Primary, LEE
FC profile, LEE (min) ∼ 1.0σ (p = 0.15) Primary, LEE

more conservative. We report both to acknowledge
the residual seed sensitivity.
Table 8 summarizes the significance across all

methods.

6 Discussion

6.1 Dynamical dark energy

The primary finding is a mild departure from ΛCDM
that the reconstruction centers near z ≈ 1.0. The
canonical ensemble finds w(1.0) = −1.18 (1.3σ from
mock-calibrated scatter), and the 50-seed profile
likelihood places its minimum at w(1.0) ≈ −1.40
to −1.50 with ∆χ2 = 6–9 at ΛCDM. A Feldman–
Cousins construction calibrating that ∆χ2 against
the ΛCDM null hypothesis (Sec. 4.10) gives p =
0.10–0.20, corresponding to ∼ 1σ. Two independent
significance estimators therefore agree: both mea-
sure the departure from ΛCDM at the ∼ 1σ level.
We refer to this feature as a phantom excursion or
phantom dip: w(z) dips below −1 near z ≈ 1 and
returns toward −1 at z = 0 and z ≳ 2. It is not a
phantom crossing in the usual sense (where w passes
through −1).

An earlier 10-seed profile analysis reported an ap-
parent bimodal structure with a global minimum at
w ≈ −0.90. With 50 seeds per grid point, that
minimum disappears: the w = −0.90 point has
∆χ2

min = 6.4, firmly excluded. The earlier result
was a seed artifact of the non-convex optimization
landscape. This illustrates a broader methodological
point: for loss landscapes with multiple local min-
ima of comparable depth, the number of optimiza-
tion restarts must substantially exceed the number
of plausible local modes in order to reliably charac-
terize the profile.

We stress that the neural ODE does not estab-

lish phantom dark energy at high significance: both
the mock-calibrated and the FC-calibrated estima-
tors give ∼ 1σ. Our contribution is to show that the
feature persists when w(z) is freed from the w0wa

parameterization, survives the inclusion of cosmic
chronometers and the full Moresco systematic covari-
ance, is not explained by spatial curvature, and is not
an artifact of unit-level overfitting in the BAO data
vector. The result is consistent with the DESI w0wa

analysis, which implies w(1) = w0 + wa/2 ≈ −1.25.
This value sits between our ensemble mean (−1.18)
and our profile minimum (−1.45), reflecting that the
w0wa form is more constrained than the neural ODE
(2 parameters vs. ∼ 6 effective) but less regularized
than our ΛCDM-initialized ensemble.

6.2 How the two significance estimators
relate

A natural question is whether the regularized en-
semble and the profile likelihood estimate the same
underlying significance through different routes, or
whether one is biased relative to the other. The pre-
FC-calibration paper suggested a bias-variance rec-
onciliation: the smoothness-regularized ensemble at-
tenuates signal by some factor (measured at 0.6× on
a phantom-crossing injection of depth 0.3; Sec. 4.7),
so if the “true” w(1.0) ≈ −1.45 from the profile were
correct, the ensemble’s −1.18 would be the 0.6× at-
tenuated image of it, and the ∼ 2σ gap in Wilks-
converted significance would be the expected atten-
uation rather than a real disagreement.
A dedicated injection-recovery test at depth 0.45

(Sec. 4.11) shows that the 0.6× factor does not scale
linearly to deeper injected truths. At depth 0.45, the
effective attenuation is 0.17×, not 0.6×. The regu-
larized ensemble simply cannot produce the depths
the profile finds, because the smoothness penalty
is quadratic in feature amplitude. The profile’s
w = −1.45 is therefore not a “true depth attenu-
ated by 0.6× in the ensemble”; it is a depth the
regularized estimator cannot access regardless of the
underlying truth.
The FC construction (Sec. 4.10) resolves the ap-

parent gap independently. It shows that ∆χ2 = 6–9
at ΛCDM is achievable by ∼ 10–20% of ΛCDM real-
izations through optimization chance — the profile’s
deep minimum is not worth 3σ; it is worth ∼ 1σ.
Both significance estimators therefore converge on
the same answer: the data prefer w < −1 at z ≈ 1
at the ∼ 1σ level. No reconciliation argument is re-
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quired.

6.3 Physical interpretation of the phan-
tom best-fit

The profile best-fit w(1.0) ≈ −1.45 is deep in phan-
tom territory. Taken at face value, this violates the
null energy condition (NEC, ρ+ p ≥ 0) and implies
either new physics or unaccounted-for systematics.
We discuss both possibilities.
A phantom equation of state (w < −1) violates

the NEC and is forbidden in canonical single-scalar-
field models. In a Lorentz-invariant quantum field
theory, constant w < −1 generically leads to vacuum
instability, because the vacuum can decay into arbi-
trarily negative-energy states. However, our w(z) is
not constant: it equals −1.45 only near z ≈ 1 and
returns toward −1 at z = 0 and z > 2. Effective
phantom crossing can occur in models that do not
violate the NEC at the fundamental level:

• Coupled dark energy-dark matter models, where
the effective equation of state (measured by an
observer who does not account for the coupling)
can appear phantom even though the funda-
mental fields satisfy the NEC.

• Modified gravity theories (f(R), scalar-tensor,
DGP braneworld [29]), where the geometric
contribution mimics phantom dark energy when
interpreted within a Friedmann framework.

• Multi-field models where the adiabatic mode has
weff < −1 even though no individual field vio-
lates the NEC (e.g., quintom cosmology [30]).

• Non-canonical kinetic terms such as k-
essence [31].

The neural ODE reconstructs w(z) within the Fried-
mann framework : if the true theory is modified grav-
ity, the reconstructed w(z) absorbs the modified-
gravity effects into an effective equation of state that
can appear phantom. Our reconstruction does not
distinguish between “dark energy with w < −1”
and “modified gravity that looks like w < −1 when
forced into a Friedmann equation.” The list of
models above therefore identifies what could ex-
plain a phantom-like weff(z), not what the current
data prefer. Current data — at our ∼ 1σ signifi-
cance level and with the stitching, LRG2, and SN-
calibration systematics disclosed above — do not dis-
criminate between dynamical dark energy and mod-
ified gravity. Discrimination would require inde-
pendent probes (growth of structure, cluster abun-

dances, lensing cross-correlations) that break the
distance–growth degeneracy.
A depth of 0.45 below −1 is large enough that sys-

tematic explanations should also be seriously consid-
ered. The leading candidates are:

• Spatial curvature. We tested this explicitly by
allowing Ωk to float as a free parameter in a 20-
model ensemble (Sec. 4.8). The result: Ωk con-
verges to +0.00085 ± 0.00009, consistent with
flatness, and w(1.0) shifts by only +0.07 (from
−1.18 flat to −1.11 with Ωk free). The curva-
ture degeneracy can account for ∼ 40% of the
phantom deviation from ΛCDM, but the re-
maining 0.11 offset below −1 persists. Curva-
ture is thus not the primary driver of the signal.

• BAO template and reconstruction assumptions.
The DESI BAO measurements assume a fidu-
cial cosmology for the template and apply re-
construction corrections. Imperfect corrections
at high redshift (particularly for the Ly-α for-
est at z = 2.33) could bias the distance mea-
surements in a way that mimics phantom dark
energy.

• Supernova calibration. Although Sec. 5.3 shows
the feature at z ≈ 1.0 is SN-independent, the
absolute calibration of the distance ladder af-
fects H0 and Ωm constraints, which feed back
into w(z) through the CMB priors.

The per-bin BAO analysis (Table 2) shows that 72%
of the improvement over w0wa comes from a single
measurement: the DH/rd at z = 0.706. This con-
centration is not in itself suspicious — that bin has
a genuine residual with w0wa that the more flexi-
ble neural ODE can absorb — but it does mean the
phantom signal is not uniformly supported across
the full BAO data vector.
We conclude that the phantom depth is one more

reason why confirmation with independent data (Eu-
clid, Rubin, DESI DR3) is essential before phys-
ical interpretation is warranted. In particular, a
curvature-free test (allowing Ωk to float) and an in-
dependent H(z) measurement at z ∼ 1 (e.g., from
21cm intensity mapping) would sharpen the inter-
pretation.

6.4 Methodological advantages

The neural ODE offers two structural advantages
over GP-based reconstruction:
First, it avoids numerical differentiation. The GP

reconstructs H(z) and derives w(z) via Eq. (8), am-
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plifying noise throughH ′(z). The neural ODE learns
w(z) directly and integrates forward to H(z), so
noise is suppressed rather than amplified. This is
visible in Figure 5: the GP becomes unphysical at
z > 1.2, while the neural ODE remains well-behaved
to z ≈ 2.5.
Second, it enforces the Friedmann equation by

construction. The ODE integration means every pre-
dicted distance is exactly consistent with the learned
w(z); there is no approximation or inconsistency be-
tween the equation of state and the expansion his-
tory. In contrast, GP-based methods reconstruct
H(z) and w(z) in separate steps, and internal con-
sistency is not guaranteed.

6.5 Limitations

Several caveats apply:
Uncertainty quantification. The deep ensemble re-

mains fundamentally inadequate for uncertainty es-
timation in this problem. The raw ensemble scat-
ter (σraw = 0.015) underestimates the true mock-
to-mock variation (σmock = 0.130) by a factor of
∼ 9, and 50% of ΛCDM mocks produce spurious de-
tections at the raw ensemble threshold (Sec. 4.3).
The profile likelihood scan (Sec. 5.4) provides a
calibration-independent frequentist estimate of 2.0σ,
confirming that the signal is not an artifact of
the broken ensemble UQ. Future work should em-
ploy Bayesian neural networks, Hamiltonian Monte
Carlo over network weights, or simulation-based in-
ference [32] for rigorous posterior estimation.
Low-redshift behavior. The reconstruction at z <

0.3 is sensitive to regularization strength and super-
nova dataset. We do not claim w(0) as a robust
measurement.
CMB stitching. The ΛCDM-anchored stitch-

ing approach precomputes DM (z∗) and rs from
CAMB at the fiducial cosmology. Sec. 3.3 quanti-
fies the residual bias at fixed trained (H0,Ωm) as
∼ 1.3σPlanck in R and ∼ 8σPlanck in ℓA — not neg-
ligible. We further demonstrate, via a direct post-
hoc CAMB recomputation at every trained seed’s
(H0,Ωm), that the trained cosmology nonetheless
gives χ2

CMB(true) = 3.88±0.05 — between 1σ and 2σ
from Planck for 2 DOF— confirming that the stitch-
ing bias is absorbed into a ∼ 0.5% parameter drift
rather than propagated into w(z). A proper fix via
pre-tabulating DCAMB

M (z∗;H0,Ωm) and rs(H0,Ωm)
on a 2D grid and interpolating each epoch is im-
plemented in the code release and recommended for

future work targeting higher precision; it is not ex-
ercised for this analysis because the post-hoc check
shows the bias does not propagate at our precision
level.
Profile seed variability. The standard deviation

of χ2 across seeds at each w target (3–5; see Ta-
ble 7) is comparable to the ∆χ2 differences between
targets. Our 50-seed profile mitigates this issue rel-
ative to a naive 10-seed scan, and we report both
min-over-seeds and mean-over-seeds profiles to ac-
knowledge the residual seed sensitivity. The min and
mean profiles agree on the qualitative result (phan-
tom minimum, ΛCDM exclusion), but differ in the
precise significance (3.1σ vs. 2.5σ). This is the hon-
est uncertainty introduced by the non-convex loss
landscape.
Effective parameter count. The neural ODE

has ∼8,500 weights, but the smoothness regular-
ization, ΛCDM-initialized zero-weight output layer,
and ODE integration coupling of all redshifts reduce
the effective degrees of freedom by orders of magni-
tude. The precise value of peff is appealed to at sev-
eral points in our analysis (interpretation of the BAO
χ2/dof in Sec. 4.6, the Wilks inapplicability argu-
ment in Sec. 4.10, the WAIC skepticism in Sec. 6.5),
so it deserves a consolidated estimate.
We consider three independent estimators:
(i) WAIC / deep-ensemble variance. Comput-

ing pWAIC =
∑

iVars[log p(yi|θs)] over 20 ensemble
members yields pWAIC ≈ 0.004. This is absurdly low
and is an artifact of the ensemble’s well-documented
underestimation of scatter (Sec. 4.2): all ensemble
members converge to nearly identical predictions, so
the per-point variance of the log-likelihood is tiny.
This estimator is unreliable for our architecture and
we discard it.
(ii) Injection-recovery resolution. The injection-

recovery tests (Sec. 4.7) show the method resolves
features of width ∆z ≳ 0.5 and attenuates narrower
ones. Over the BAO-constrained redshift range
z ∈ [0.3, 2.3] (∆z = 2.0), this gives ∼ 4 effective
independent w(z) amplitudes, plus H0 and Ωm, for
peff,BAO ≈ 6. This is a heuristic but a physically
motivated one, tied to an empirical diagnostic.
(iii) BAO χ2/dof consistency. With peff,BAO ≈ 6

we get χ2
BAO/(13− 6) ≈ 1.07, entirely reasonable. A

smaller peff,BAO (say 3) would give χ2/dof ≈ 0.75,
still reasonable; a larger value (say 9) would give ≈
1.87, also reasonable. The BAO χ2 does not uniquely
pin down peff , but is consistent with the peff,BAO ≈ 6
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estimate.
We did not compute a direct estimate via the

trace of the Gauss–Newton Hessian of the loss at the
MAP, nor an explicit out-of-sample cross-validation
score. Either would strengthen the peff estimate,
but neither is critical for our current conclusions be-
cause our primary significance statements rely on the
profile likelihood with Feldman–Cousins calibration
(Sec. 4.10), which does not require a single peff value,
and on the per-bin BAO decomposition (Sec. 4.6),
which is model-independent. We adopt peff,BAO ≈ 6
as our working estimate while acknowledging its ±3
uncertainty. A direct Hessian-based estimate is rec-
ommended for future work if WAIC-style model com-
parison is revisited.
Cosmic chronometer systematics. The 36 CC

measurements assume that the differential age
method applied to passively evolving galaxies is free
of systematic biases from stellar population mod-
eling, metallicity gradients, and progenitor bias.
While recent compilations [21] have substantially re-
duced these systematics, they remain the dominant
source of uncertainty for CC-based constraints on
dark energy.
Injection-recovery limitations. The injection-

recovery tests (Sec. 4.7) cover five w(z) morpholo-
gies with 20 noise realizations each (100 fits total),
which is sufficient to characterize systematic biases
and depth attenuation, but the five truth models are
still a discrete sample of the space of possible dark
energy behaviors. A more comprehensive charac-
terization would sweep through a continuous family
of amplitudes and redshift locations, and test spe-
cific theoretically motivated parameterizations (e.g.,
early dark energy, axion-like oscillations).

7 Conclusion

We have presented a physics-informed neural ODE
for non-parametric reconstruction of the dark en-
ergy equation of state from cosmological distance
data. The architecture integrates the Friedmann
equation by construction, avoiding the noise am-
plification from numerical differentiation that limits
Gaussian process approaches. Applied to DESI DR2
BAO, Pantheon+ supernovae, Planck CMB distance
priors (R, ℓA), and 36 cosmic chronometer measure-
ments, we find:

1. A canonical 20-model deep ensemble finds
w(1.0) = −1.18. The mock-calibrated sig-

nificance is ∼ 1.3σ (σmock = 0.130); a
Feldman–Cousins-calibrated profile likelihood
gives pinned-target p = 0.10–0.20 and LEE-
corrected p = 0.15–0.40 (∼ 0.3–1.0σ LEE-
corrected). The two estimators agree at the
∼ 1σ level.

2. Wilks’ theorem applied naively to the profile
∆χ2 = 6–9 gives 2.5–3.1σ; empirical FC calibra-
tion on ΛCDM mocks shows that Wilks over-
states the significance by a factor of ∼ 2–3 in
this regularized non-convex regime. We recom-
mend FC calibration replace Wilks for any pro-
file likelihood applied to smoothness-regularized
neural-network reconstructions with compara-
ble seed-scatter-to-signal ratios.

3. An LRG2-outlier injection test shows that ∼
50% of the real-data phantom depth can be pro-
duced by a single −2.2σ residual in one BAO
bin at z = 0.706, localized near z ≈ 1.3 by the
smoothness regularizer. The precise location of
the feature at z ≈ 1 is therefore partly a method
artifact, though the feature itself is not entirely
an LRG2 artifact: the remaining ∼ 50% of the
depth comes from Ly-α, supernova tilt, and cos-
mic chronometer residuals.

4. The method provides stable, non-divergent w(z)
extrapolation to z ≈ 2.5 where GP methods
fail. In the range 1.5 ≲ z ≲ 2.3 the reconstruc-
tion is constrained by smoothness and the CMB
stitching anchor rather than by local data; we
describe this as stable extrapolation rather than
reliable reconstruction.

5. Deep ensemble uncertainty quantification un-
derestimates the true scatter by ∼ 9× and is
unsuitable for significance claims.

6. Injection-recovery tests across five distinct w(z)
truths with 20 noise realizations each confirm
the method detects phantom-like features with
0.57–0.79× depth attenuation on shallow injec-
tions, while avoiding systematic false phantom
signals from quintessence input. At deeper in-
jected truths (depth 0.45), the effective attenu-
ation is much stronger (0.17×): the regularized
ensemble cannot produce the depths the profile
finds, regardless of the underlying truth.

7. Per-bin BAO analysis shows the ∆χ2 improve-
ment over w0wa is concentrated in the LRG2
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DH/rd at z = 0.706 (∆χ2 = −2.09, 72% of
the total). A drop-LRG2 refit returns w(1) =
−1.08, showing that ∼ 0.10 of the ∼ 0.18 phan-
tom depth comes specifically from LRG2 and
∼ 0.08 comes from the rest of the data at the
mock-calibrated noise floor (∼ 0.6σ individu-
ally). Only LRG2’s contribution is individually
detectable above σmock.

8. Canonical-pipeline SN-dataset robustness: all
three SN compilations (Pantheon+: w(1) =
−1.115, Union3: −1.147, DES-SN5YR: −1.079)
independently prefer w(1) < −1.07 — the di-
rection is unanimous. The cross-dataset spread
is 0.068, comparable to σmock and a factor of 3
larger than the v1 value of 0.023; this represents
a SN-calibration systematic floor on the depth,
not a contradiction between datasets.

9. Allowing spatial curvature to float with self-
consistent curved-CMB predictions yields Ωk ≈
+10−3 (consistent with flatness) and shifts
w(1.0) from −1.18 to −1.11; the w–Ωk degener-
acy does not explain the phantom signal.

10. CMB prior treatment (Gaussian H0/Ωm priors
vs. proper R, ℓA) shifts w(1.0) by ∼ 0.1 and
more than doubles σmock: a dominant system-
atic for neural-network-based cosmological in-
ference that must be controlled.

The full-data preference is at the ∼ 1σ level
(Feldman–Cousins), with all three SN compilations
independently preferring w(1) < −1.07. Without
the LRG2 BAO bin, the preference drops to ∼ 0.6σ,
within a ΛCDM mock fluctuation. We interpret this
as a method demonstration with a marginal
hint that future data — DESI DR3, Euclid, LSST
— will resolve. This is not a detection, and we do not
claim it as one. The methodological contributions —
the neural ODE architecture, the Feldman–Cousins
characterization of Wilks’ failure mode for regu-
larized neural-network profile likelihoods, the deep-
ensemble UQ diagnostics, the multi-truth injection-
recovery suite, the per-bin plus drop-bin attribution
analysis, and the pipeline-correction audit — are in-
dependent of the significance number and we believe
will prove useful for future neural-network-based cos-
mological inference.

Appendix A: Training convergence

To verify that the 8000-epoch training budget is
sufficient and that the ensemble scatter at fixed
epoch has stabilized, we parsed the training logs
of the canonical 20-model ensemble and track the
loss, BAO χ2, and reconstructed w(1) as functions
of epoch.

Figure 8: Training convergence of the canonical 20-
model ensemble. (a) Total loss vs. epoch, individual seeds
(faint) and mean (black). (b) χ2

BAO vs. epoch on log scale,
showing rapid initial descent and plateau after ∼ 3000
epochs. (c) w(z = 1) vs. epoch, with ±1σ band across 20
seeds; the ensemble converges to w(1) = −1.149±0.012 by
epoch 8000. (d) Seed-to-seed standard deviation of w(1)
(red, left axis) and χ2

BAO (orange dashed, right axis) vs.
epoch, showing that both stabilize well before the train-
ing budget is exhausted.

Across 20 seeds trained for 8000 epochs with
cosine-annealing learning rate: the mean loss de-
creases by 41 units in the first 25% of epochs (rapid
initial descent) and by only 1.2 units in the final 25%
(noise level). The mean w(1) drifts by only −0.004
in the final 25% of epochs, and the seed-to-seed scat-
ter at epoch 8000 is σ[w(1)] = 0.012, stable over the
last 2000 epochs. We conclude that the training bud-
get is adequate; a budget of 4000–5000 epochs would
have sufficed for convergence but we retain 8000 for
safety. Cosine annealing reduces the learning rate
to near zero by epoch 8000, so no further drift is
expected.
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